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White dwarfs are compact objects that stand against gravitational collapse by their internal
pressure of degenerate matter. In this work we aimed to perform an introductory study on these
stars, using two equations of state (EOS): (I) an ideal Fermi gas and (II) the one by Baym Pethick
and Sutherland (BPS). In addition, we analyzed these two equations of state in two scenarios, the
Newtonian and the one from General Relativity, which allowed us to analyze the effects of curved
space-time. We also studied a rotating white dwarf, finding a metric for this case. With these two
cases, with rotation (J = cte) and static (J = 0) well determined, we introduced the concepts of
instability by the turning point criterion and dynamic instability criterion. Finally, with the RNS
program, we performed the numerical resolution with BPS equation of state in the rotating case in
order to analyze the behavior of the turning point criterion in these two cases.
I. INTRODUCTION
The white dwarfs are stars that have radii
of around 5× 103 km, one solar mass and mean
density 106 g/cm3 [1]. The models of these stars
depend on certain parameters such as: rotation,
temperature and magnetic field. Our main ob-
jective in this work was to study these stars in
an introductory way.
II. STATIC STARS
On the Newtonian scene for static stars we
have two pressures equilibrium: one due to de-
generate electrons and the other from the star
self gravitation. On the other hand, in the
General Relativity (GR) scene this structure is
governed by the Schwarzschild metric, that de-
scribes an spherical body without rotation [1].
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dS2 = −
(
1− 2GM
r
)
dt2
+
(
1− 2GM
r
)−1
dr2 + r2dΩ2, (1)
with dΩ2 = dθ2 + sin2 θdφ2. Using this metric
the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions for the hydrostatic equilibrium of the star
are
dm
dr
= −4pir2ρ(r), (2)
dP
dr
= − [ρ(r) + P (r)] m(r) + 4pir
3P
r(r − 2m(r)) . (3)
The blue terms indicate the Relativity correc-
tions (they do not exist in the Newtonian scene).
III. ROTATING STARS
On the other hand, if the star present rota-
tion, the Schwarzschild metric can no longer be
used to describe it. Instead, we will use, a new
metric that describes a rotating axisymmetric
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2body [2]
dS2 = −e2νdt2 + e2Φ(dφ− ωdt)2
+e−2µ(dr2 + r2dθ2), (4)
the potentials ν and µ depending only on r and
θ. This metric is the basis for the program we
used, RNS.
The RNS code was written by Nikolaos Ster-
gioulas who constructs models of rapidly rotat-
ing, relativistic, compact stars using tabulated
equations of state which are supplied by the user
[3].
IV. EQUATIONS OF STATE
To describe a white dwarf star, we proposed
two forms of composition for its matter: an
ideal Fermi gas at zero temperature, as pro-
posed by Chandrasekhar [4] and the one pro-
posed by Baym-Pethrick-Sutherland [5]. Both
will be discussed below.
A. Ideal Fermi gas (IFG)
On this scene the matter in the star is com-
pletely degenerated; it has a C-O nucleus in a
crystalline structure and electrons that are re-
sponsible for keeping the star in equilibrium .
This equation of state consists of
Pe(p) =
8pi
3(2pi~)3
∫ pf
0
p4√
p2 +m2e
dp, (5)
ρN (p) =
A
Z
mµne =
A
Z
mµ
[
1
pi2~3
∫ pf
0
p2 dp
]
,
(6)
where Pe is the electron gas pressure, p the mo-
mentum, pF the Fermi momentum, ρN the nu-
cleon density and A/Z = 0, 5 for a C-O core.
B. Baym-Pethick-Sutherland (BPS)
The EOS proposed by them considers a lat-
tice at the core. The data of this EOS can be
found in [5].
V. INSTABILITY CRITERIA
The stability of a star is related to how much
it can undergo small radial oscillations and re-
turn to its initial state without collapsing. Here
we are going to describe two methods for deter-
mining this stability: the turning point and the
dynamical.
A. Dynamical instability
This criterion is based on small perturbations
[1]. Being the normal mode with temporal de-
pendence
ξi(~x, t) = ξi(~x)eiωt, (7)
so the instability corresponds to ω2 < 0. In
the case of radial perturbations on the star, this
frequency is proportional to
√
3Γ¯1 − 4, where
Γ¯1 =
∫ R
0
ρ∂P∂ρ r
2∫ R
o
Prrdr
. (8)
B. Turning point
For static configurations, it’s sufficient to
prove their stability using the turning point cri-
terion. This is because all the criteria (turning
point, secular and dynamical) must coincide on
this configurations [6].
Otherwise, for rotating stars the criteria don’t
coincide. But, the first criterion that deter-
mines instabilities that are reached is the turn-
ing point criterion. This gives it a sufficient
condition to determine stability [6].
The turning point criterion must satisfy
∂M(ρ0)
∂ρ0
> 0, (9)
for stable regions, where M is the mass and ρ0
the central density.
3VI. METHOD AND RESULTS
With the IFG and BPS EOSs, we used the
RNS code [3] to generate the structure of rotat-
ing white dwarfs stars. For static stars, we cre-
ated a program in FORTRAN, using the fourth
order Runge Kutta method, that reproduces the
structure of white dwarfs from the TOV and
Newtonian equations.
The two state equations used, IFG and BPS,
clearly diverge at densities below 105 g/cm3, as
shown in Figure 1. Due to this, there are dif-
ferences in the stars generated by each of them,
especially in the maximum mass, as we can see
in the Figures 2 and 3. In addition, in these
last figures we can also see the effects of GR in
the EOS, mainly for IFG, where the maximum
mass is only reached if GR this is considered.
Figure 1. Comparison between the two EOS: IFG
and BPS. We can see that they diverge for densities
below 104 g/cm3.
A comparison between the dynamical insta-
bility and the turning point was done for static
stars with the BPS EOS, as represented in Fig-
ure 4. These criteria coincide if we take into
count the error (green bar) on the dynamical
criterion, as expected. Continuing the stabil-
ity study, as shown in the figures 5 and 6, the
turning points were compared for rotating and
static star, until the Kepler frequency (the max-
imum frequency before matter is ejected from
Figure 2. M/M × R curve for the BPS EOS . The
dashed circle indicates the stability change region.
Figure 3. M/M × R curve for the ideal Fermi gas
EOS. The dashed circle indicates stability change
region.
the star).
VII. CONCLUSION
In this study, we aimed to understand the
internal structure of white dwarf stars. We
showed two types of EOSs: BPS and IFG, which
diverge from each other for densities below 104
g/cm3. This divergence leads a difference in
the structure of stars generated by these EOSs,
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Figure 4. Comparison between the two stability
criteria. The dots show the turning point and the
dynamical point.The blue hatching interval is where
the dynamical stability is reached considering the
error (green bar).
Figure 5. M/M × ρ0 curve for the IFG EOS.
The green dot represents the turning point for both
cases, without (static) and with the maximum ro-
tation allowed (Kepler frequency).
mainly in relation to the maximum mass (1,426
M/M for IFG and 1,003 M/M for BPS). In
addition, we also showed that Relativity has an
important role in the EOS IFG, since it is re-
sponsible for the creation of the turning point.
Figure 6. M/M × ρ0 curve for the IFG equation
of state EOS. The green dot represents the turning
point for all the cases, without rotation (static),
with the maximum rotation allowed (Kepler fre-
quency) and with constant angular momentum.
In the study of instabilities, we demonstrated
that the turning point and dynamical criteria
coincide, considering the errors from the latter.
We also showed that the star rotation can in-
crease the maximum mass for a certain EOS,
maximum of around 4,2% for IFG and 7% for
BPS, displacing the turning point with gap in
the mass. So, rotating parameter can not be
negligible for rapid rotating stars.
This study will be continued for high temper-
ature rotating white dwarfs and the cooling of
these stars.
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